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Abstract 

In 1988 (see [6]), S. V. Okhitin proved that for any field k of charac- 
teristic zero, the T-space CP{M2{k)) is finitely based, and he raised the 
question as to whether CP{A) is finitely based for every (unitary) asso- 
ciative algebra A for which 7^ T{A) C CP{A). V. V. Shchigolev (see 
[8], 2001) showed that for any field of characteristic zero, every T-space 
of ko{X} is finitely based, and it follows from this that every T-space of 
ki{X} is also finitely based. This more than answers Okhitin's question 
(in the affirmative) for fields of characteristic zero. 

For a field of characteristic 2, the infinite-dimensional Grassmann al- 
gebras, unitary and nonunitary, are commutative and thus the T-space of 
central polynomials of each is finitely based. 

We shall show in the following that if p > 2 and k is an arbitrary field 
of characteristic p, then neither CP{Go) nor CP(G) is finitely based, thus 
providing a negative answer to Okhitin's question. 

1 Introduction and preliminaries 

Let A: be a field of characteristic p and let X be a countably infinite set, say 
X = {xi I « > 0}. Then ko{X) denotes the free associative fc-algebra on X, 
while ki{X) denotes the free unitary associative fc-algebra on X. 

Let A denote any associative fc-algebra. For any H C A, {H) shall denote the 
linear subspace of A spanned by H . Any linear subspace of A that is invariant 
under every endomorphism of A is called a T-space of A, and if a T-space 
happens to also be an ideal of A, then it is called a T-ideal of A. For H C A, 
the smallest T-space of A that contains H shall be denoted by , while the 
smallest T-ideal of A that contains H shall be denoted by . If y C A is a 
T-space and there exists finite H C- A such that V = , then V is said to be 
finitely based. In this article, we shall deal only with T-spaces and T-ideals of 
ko{X) and ki{X). Occasionally, we shall consider H C ko{X) C ki{X), and we 
may wish to have notation for both the T-space generated by H in ko{X) and 
the T-space generated by H in ki{X) so that both could appear in the same 



discussion. Accordingly, we shall write H^" to denote the T-space of ko {X) that 
is generated by H, and let denote the T-space of ki{X) that is generated by 
H. Similarly, we may use H^" to denote the T-ideal of ko{X) that is generated 
by H, and for the T-ideal of fci {X) that is generated by H. 

A nonzero element / G fco(X) is called an identity of A if / is in the kernel 
of every homomorphism from ko{X) to A (every unitary homomorphism from 
ki{X) if A is unitary). The set of all identities of A, together with 0, forms a 
T-ideal of ko{X) (and of ki{X) if A is unitary), denoted by T{A). An element 
/ G ko{X) is called a central polynomial of A if / ^ T{A) and the image of / 
under any homomorphism from ko{X) (unitary homomorphism from ki{X) if 
A is unitary) belongs to Ca, the centre of A. The T-space of ko{X) (or of ki{X) 
if H is unitary) that is generated by the set of all central polynomials of A is 
denoted by CP{A). 

Let G denote the (countably) infinite dimensional unitary Grassmann alge- 
bra over k, so there exist et £ Go, i > 1, such that for all i and j, CiCj — — CjCi, 
ef = 0, and B = {ei^ei^ ' ' ■ ei„ I 1, ii < ^2 < •■■*«}, together with 1, forms 
a linear basis for G. Let E denote the set { | i > 1 }. The subalgebra of G 
with linear basis B is the infinite dimensional nonunitary Grassmann algebra 
over fc, and is denoted by Gq. 

It is well known that T^'^\ the T-ideal of ki{X) generated by a;2], 0:3], is 
contained in T{G). For convenience, we shall write [xi,X2,x^] for [[xi, X2], X3]. 
It is important to observe that { [xi,X2, X3] = {[xi, X2, x^\ }^ . 

We shall also let 5^ denote the T-space of ki {X) that is generated by [a;i , X2] ; 
that is, — { [xi,X2] }^ , and we point out that { [xi,a;2] ~ { [xi,X2] }^ ■ 

In 1988 (see [6 ), S. V. Okhitin proved that for any field k of characteristic 
zero, the T-space CP{M2{k)) is finitely based, and he raised the question as to 
whether CP{A) is finitely based for every (unitary) associative algebra A for 
which ^ T{A) C CP(A). Then in 2001, V. V. Shchigolev (see [8]) showed that 
for any field of characteristic zero, every T-space of fco(A') is finitely based, and 
it follows from this that every T-space of fci (X) is also finitely based. This more 
than answers Okhitin's question (in the affirmative) for fields of characteristic 
zero. 

For a field of characteristic 2, the infinite-dimensional unitary and nonunitary 
Grassmann algebras are commutative and thus each has finitely based T-space 
of central polynomials. 

We shall show in the following that if p > 2 and k is an arbitrary field of char- 
acteristic p, then neither CP{Go) nor CP{G) is finitely based, thus providing a 
negative answer to Okhitin's question. 

2 For 2? > 2, CP{Go) is not finitely based 

We assume from this point on that p > 2. 

Definition 2.1. Let SS denote the set of all elements of the form 

0) nt=i<:. or 
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(^i) nr=i[2;i2.-i,a:2r]a;f,';_>f;, or 

where {ii, . . . ,1^ } n { ji, . . . ,j2s } = 0, ji < j2 < • • ■ < i2s, /3i > /or a/^ i, 
ii < 12 < ■ ■ ■ < it, o,nd ai>l for all i. 

Let u G SS . If u is of the form (i), then the beginning of u, heg{u), is 
]^*^^a;"'', the end of u, end{u), is empty, the length of the beginning of u, 
lheg{u), is equal to t and the length of the end ofu, lend[u), is 0. If u is of the 
form (ii), then we say that beg{u), the beginning of u, is empty, end(u), the end 
of u, is Y\r=i[^j2T-n^'2r\x^llZl-'^^l'^' '^"'^ lheg{u) = and lend{u) = s. If u is of 
the form (Hi), then we say that beg{u), the beginning of u, is 11*=! ^f ' ' Gnd(u), 
the end of u, is YVr=i[^j2T~n ^'irjx^^Z^^ x^^^ , and lbeg{u) = t and lend{u) — s. 

Finally, let 

BSS = { M G SS I for each i, deg^. (u) < p if Xi appears in beg{u) 

or deg^. (u) < p if Xi appears in end{u) }. 

Lemma 2.1 (Theorem 3 of 7J). T(Go) = {xf }^ + T^^). 

Definition 2.2. For u,v E ki{X), let k{u,v) — [u,v]uP^^v^^^ . Then for each 

m>l, let Wm = ]Xr=l n{x2r-l,X2r)- 

Theorem 2.1 (Theorem 1.3 of [IJ). For k any field of characteristic p > 2, 
CP(Go) = S^ + {w^\ m > 1 + T(Go). 

Lemma 2.2. {u + T(Go) | u e BSS} is a linear basis for ko{X)/T{Go). 

Proof By Lemma 2.10 of [7] (or Lemma 2.4 of [J), {u + T{Go) \ u e BSS} 
spans ko{X)/T{Go), and Theorem 3 of Siderov jH imphes that {BSS)nT{Go) = 
{0}. □ 

Definition 2.3. Let 

SPSS = {u £ BSS I there is x d X in end{u) such that deg^(7i) < p}. 

Note that as SPSS C BSS, it follows from Lemma O that {u + T{Go) \ 
u e SPSS} is linearly independent in ko{X)/T{Go). 

Lemma 2.3. 5'^ + T(Go) C (SPSS) + T(Go). 

Proof It suffices to prove that for any u,v e ko{X), [u,v] G (SPSS) + T{Go)- 
By Lemma 4.1 of [3] (we note that while the results of [3] were formulated for 
the case of characteristic zero, the proof of Lemma 4.1 is valid in general), for 
any m, w G kQ{X), [u,v] can be written, modulo T^^\ as a sum of terms of the 
form [iti,Xi], where Ui is a monomial in ko{X) and Xi G X. Now by Lemma 
2.10 of [7], modulo T^^\ each monomial of ko{X) can be written as a linear 
combination of elements of BSS, so it suffices to prove that modulo T(Go), 
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for each v £ BSS and x £ X, [v, x] can be written as a linear combination 
of elements from SPSS. Let v = n*=i<'' Ut=i\xj2.-i,Xj,^x'^^i:'x^^- G BSS 
and X € X. By Lemma 1.1 (iii) of [T], [v, x] can be written as a sum of terms each 
of the form dj = xf/"^ (Orpi x";)a;"/"^[xi^ , a;] Y{Ui[xj^,_^,Xj^^]xf^zlxf^l- For 

each J, modulo T(Go), dj is congruent either to or (up to sign) to an element 
Ij of SPSS since Xi^ has degree at most p — 1 in dj and appears in end{dj), 
hence in end{lj). □ 

Corollary 2.1. For each m>l, Wm i S'^ + T{Go). 

Proof. Let m > 1. Then Wm e BSS, and ^ SPSS, so by Lemma [Ol 
{ w,n } U S'PS'5 is linearly independent modulo r(Go). Thus Wm i (SPSS) + 
T(Go), hence by LemmaEH ^ 5^ + T{Go). □ 

In applications of the following result, it will be important to recall that S"^ 
is the T-space generated by [xi,a;2] in either ki{X) or fco {X), and r(3) is the 
T-ideal generated by [xi,a;2,a;3] in either ki{X) or ko{X). 

Lemma 2.4. For any u,v,w G ki{X), modulo T^^\ we have 

p-2 / - 1\ 

k{u,v + w) = K{u,v) + K{u,w)+'^{i + iy^(^ . ) [w, t;'+^w''"'^''+^^uP"^]. 

Proof. Recall that k{u,v + w) — [u,v + w]uP^^{v + 111)^^^. To begin with, we 
shall prove that 

[u, V + w]{v + w)^^^ = [u, v]v'^^^ + [u, w]wP^^ 

+ + . (modr(3)). 

i=0 * 



We have 

[u,v + w]{v + wf^^ = [u,v]{v + w)P~^ + [u,w]{v + w)P~^ 

p-2 

[u, v]v^~^ + [u, v] 



i 



p-1 / _ -, 

i—1 



so it suffices to show that [u, v] ^fj^ i^'r^)v'wP-^-' + [u, w] Y^^Zl {p~^)v'wP-^-' 

is congruent to X]r=o (* + 1) "'^ (''7^) ''^'^^^^~^'^^''] modulo T'^^. By Lemma 
2.3 of [1], we have 

[u,v]Y, (^~\'wP-^-' =Y.^i + l)-^[u,v'+^](^~^\wP-^-' (modT(3)), 
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and by [T], Lemma 1.1 (ii), X]f=o(* + 1) ^ [u, v'"*"^] ^ ^ ' is congruent 

modulo T(3) to 



i=0 ^ ^ 1=0 ^ ' ' 

It is sufficient therefore to prove that 

^(z + l)-i[u,wP-i-*](^ . = r . Ji;*u;P-i-' (modT^^)). 

i=0 V * / j^]^ V * / 

But by Lemma 2.3 of jT], together with a change of variable, we have 



Since p — i — 1 = — (i + 1) and for each i with 0<i<p — 2, = (i+i) = 

("7') + (zH^i')' and thus (^;,^) = -(^7'), the result follows. 

To complete the proof, observe that by [T], Lemma 1.1 (ii), for each i, 

= (modT^^)). 

□ 

The following additivity result is fundamental for this work. 

Corollary 2.2. For any m > 1, let Ui,U2, . . . ,U2m,v G ki{X). Then modulo 
5*2 +T(3), for any i with I < i < 2m, 

Wm{ui,U2, ...,Ui+V,.. .,U2,n) = W,n{ui,U2, ...,Ui,.. . , U2,n) 

+ Wrniui,U2, . ■ . ,V, . . . ,U2m)- 

Proof. First we note that for any m, u G ki{X), k{u,v) is central modulo T^'^\ 
Moreover, k(v,u) = —k{u,v) (modT^'^)), so it suffices to prove the result for 
even i. Thus we shall consider 1 < i < ra, and let 7 — 115=1 '*(^2j-i, 1*2^). 

Then 7 is central modulo T''^\ and so 

Wra{ui,U2, . . . , U2i + V , . . . ,U2m) = K{u2i-l,U2i + v)j (modT"^^)). 

By Lemma [2.41 

K{u2i-l,U2i +V) = K{u2i-l,U2i) + K{u2i-l,v) 
r=0 ^ 
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and thus Wm{ui,U2, ■ ■ ■ ,U2i + V, . . . ,U2m) = K{u2i-l,U2i)'y + K{u2i-l,v)-/ + 

ErZlir+l)-^{P-^)[u2^-l,u^2t'^P-(^^^^uPr^,]J {uiodT^^^). Finally, by Lemma 
1.1 (ii) of [T] and the fact that 7 is central modulo T^^\ we have for each r 
that [M2,_i,^+^z;f-('-+i)<r-i]7 = [u2^-l,ul+\P-(-+^'>uP^;\J] (modT^^)). It 
follows now that Er^ol^+l)"' K-i, «L^'f^-^''+'^4r-i]7 e ^' + T(3), as 
required. □ 

Thus for any m > 1, modulo + T^^\ Wm is additive in each variable 

Xi,X2, ■ ■ ■ ,X2m- 

Lemma 2.5. Let u,v,w £ ki{X) . Then 

k(u, vw) = vPk(u, w) + w^K^u, v) (modT^^^). 
In particular, if u,v G ko{X) and a G k, then k{u, av) = a^nlu, v). 
Proof. By Lemma 1.1 (ii) of |T], [Ujwjw = [u,v]'w + [u,w]v 

(modr(3))^ 

so we 

have 

k{u,vw) = [u,vw]uP^^{vw)P~^ 

= [u,v]wuP-^vw)P~^ + [u,w]vuP-\vw)P-^ (modT(3)) 

By Lemma 1.1 (vi) of [1], in any product expression with [u, v] and u as factors, 
u commutes within the product expression, modulo T'^'. Thus 

[u,v]wuP~\vw)P~'^ = [u,v]wuP'^vP-^wP-^ = [u,v]uP-^vP-'^wP 
— k{u, v)wP (modr(3)). 

Since k{u,v) is central modulo T'^^\ we have 

[u,v]wuP-^{vw)P~^ = wPk{u,v) (modT(3)). 

Similarly, [u,w]vuP^^{vw)p^^ = vPk{u,w) (modT*^"^'). □ 

Corollary 2.3. For any u,v,w E ko{X), k{u,{vw)) =0 {modT{Ga)). 

Proof. This follows immediately from Lemma [2751 since E T{Gq). □ 

Definition 2.4. For each m > I, let Im denote the set of all strictly increasing 
functions from J2m — {1,2,..., 2m} into Z+ (that is, f{i) < f{j) if i < j), 
and let Wm = {''^ji^ f{i)i ^ f{2)i ■ ■ ■ i^f{2j)) I 1 < i < ™7 f ^ ^j}- Finally, let 

Lemma 2.6. Suppose that Vi, i > 1 are T-spaces of ko{X) (or ki{X)) such 
that for each i, Vi C Vt+i. Then V = IJi^i T -space of ko{X) (respectively, 
ki{X)) that is not finitely based. 

Proof. If V were finitely based, then for some n, Vn would contain a basis for 
V, and thus V — Vn C. Vn+i C V, which is not possible. □ 
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Lemma 2.7. { it + 5^ + T(Gq) \ u E W } is a linear basis for the vector space 
CP{Go)/iS^+T{Go)). 

Proof. Since CP(Go) = W'^ + + T(Go)), by Corollary [Ml it suffices to 
consider only linear combinations of elements of the form Wm{ui, U2, ■ ■ ■ , Um), 
Ui G kQ{X), and by Corollary 12.31 it suffices to consider only such elements 
where G X for each i. For any subset of size 2m in Z"*", say { ii, i2, ■ ■ • , *2m }, 
there exists a £ such that cr(ii) < o'(i2) < • ■ • < cr{i2m,), and by Lemma 

1.1 (v) of yy, w^{x,, , . . . , ) = i-ifsnM^^^^^^^^^^ . . . ^ ^^^^^^^^) (niodr(3)). 

This proves that {u + S^+ T{Gq) \u<eW} spans CP{Gq)/{S'^ + T{Gq)). 

In order to establish linear independence, suppose that u G 5^ + T{Go) is a 
linear combination of elements of W. Order the set / = Um=i lexically (so 
that for nil < fi G Imi, and /2 G /ma, we have /i < /2). Then there exists 
a smallest / G / such that for some nonzero a G fc, (2^/(1), ■ ■ • , 3:^/(i,,„)) is a 
summand of u. Let denote the endomorphism of fco(X) that is determined by 
mapping xji^^-^ to Xj for each i = 1,2,..., 2m, and mapping all other elements 
of X to 0. Since 5^ + T(Go) is a T-space, awm = 0{au) e + T{Go). But by 
Corollarv l2.1[ Wm ^ S"^ + T{Go), so a = 0. Since a 7^ 0, we have a contradiction 
and thus the linear independence is established. □ 

Corollary 2.4. For each m > I, C W^_^_i. 
Corollary 2.5. is not finitely based. 

Proof By Corollary [Ml for each m > 1, T^^ C Wg^^. Since W'^ = Um=i ^^m> 
the result follows from Lemma [231 □ 



Theorem 2.2. For any prime p > 2, and any field of characteristic p, the 
T-space CP{Go) is not finitely based. 

Proof We have CP(Go) ^ + + T{Ga). For each m > 1, let Um = 
Wg + S^ + T{Go). Then GP(Go) = Um=i Um, and for each m > 1, [/„ C U^+i, 
where the inequality follows from Lemma 12.71 It follows now from Lemma 12.61 
that CP{Gq) is not finitely based. □ 

The following result is the nonunitary analogue of [9], Theorem 4. 
Corollary 2.6. The T-space + T(Go) is not finitely based. 
Proof If + r(Go) is finitely based, then GP(Go) = + T{Go) + S"^ is 



finitely based, which contradicts Theorem 12.21 □ 



3 For J9 > 2, CP{G) is not finitely based 

We extend the definition of Wm by setting wq — 1. It was shown in |lj that 
CP{G) = 52 + { xgwm I TO > Y + T{G) if k is an infinite field of characteristic 
p > 2. Subsequently, we showed in [5] that the same is true even if the field is 
finite. The difference between the two situations is in the expression for T(G). 
If k is infinite, then it was shown in 5J that T(G) T^^), while if k is finite, 
say of size g, then it was shown in [2\ that T[G) = { a;f^ — x\ 
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Lemma 3.1. Let m>l, and let ai, a2, . . . , Oi2m G k. Then 

Wm{xi + ai,X2 + a2, . . . ,X2m + "2™) = w„ {mod + T^^'>). 

Proof. By Corollary 12.21 modulo + T^'^), Wm{ui,U2, . . . ,Ui + v, . . . , U2m) is 
congruent to 

Wm{ui,U2, . . . ,Ui,. . . ,U2m) + Wm.iui,U2, . . . ,V,. . . , U2m) 

for any ui, U2, ■ ■ ■ , U2m, v d ki (X). Since k{u, w) = if m or w is an element of 
k, it follows that modulo + T^^\ we have 

Wm{xi + ai,X2 + a2, . . ■,X2m + a2m) = Wmixi,X2, ■ ■ ■ , X2m) = Wm 

□ 

Lemma 3.2. CP(G) ^ + { xgw™ | m > + { w,„ | m > }^ + T{G). 

Proof. Let U = + {x^Wm \ m > 0}'^" + {wm \ m > O}'^ + T{G). Since 
CP{G) = + I m > O}'^ + T(G), it is evident that U C CP{G). It 

remains to prove that { XqW™ | m > 0}'^ C J7. Let u G ko{X) and a G fc. 
Then {u + a)P = uP + aP , aP e k C {w^ \ m > }^ , and it^ G { XQWm | m > 
0}"^", so {u + a)P G [/. Next, let m > 1 and let u,ui,U2, . ■ ■ ,U2m & ko{X) 
and ai,...,Q;2m G k. By Lemma 13.11 there is u G S'^ such that Wm{ui + 
ai,. .. ,U2m + a2m) = Wm{ui, . . . , U2m) + w (mod T(G')). As (u + a)P = uP + 

aP, we have (u + a)PWm{ul + ai,. . . , U2m + a2m) = uPWm{ui, . . . , U2m) + 

a^'^m(ui, . . . , U2m) + (u + a)Pv {iBoAT {G)) . Now, since a;^ is a central polyno- 
mial for G, (u + a)^?; G 5^ (by Lemma 1.1 (ii) of [I], for any u,v,w G ki{X), 
[u,vw] = [u,v]w +[u,w]v (modr(3)), and if ?; is a central polynomial of G, then 

[U,v] G r(G)). Thus (li+Q;)Pw„(Mi+ai, . . . ,M2m+a2m) = . . ■,U2,n) + 

aPw„i{ui, . . . , U2m) (mod S*^ + T{G)), and so 

(m -I- a)^'Wm(Mi + ai, . . . ,U2m + a2m) S U. 

□ 

Lemma 3.3. For every m > 0, ^ 5^ + { xgw2j | j > j'^" 4- T(G). 

Proof. First, note that 5*2 + { x>2i | j > + r(G) C 5*2 + { + T{G). 

Now, T(G) = T(3) if fc is infinite, while t{g) = { (a;«P - xP Y + ^^^^ if k is 
finite of size q, and in either case, T(Go) = { + r(3). Thus if k is infinite, 

we have S"^ + { xlw2j | j > + T(G) C 5^ + r(Go). Suppose now that k 
is finite. As shown in Section 2 of [3], for any a d k and u G k^i^X), we have 
(a + uyP - (a + w)P = u«P - uP, so { xg^ - }^ = { x«p - C { }^°. 

Thus 52 + { xgu;2j h' > + T(G) C 5*2 + r(Go) in this case as well. 

The result follows now from Corollarv l2.1l □ 
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Lemma 3.4. Let m > 1. Then for any i with 1 < i < 2m, 

Wmixi,X2, ■ . .,XiX2m+l, ■ • ■ , X2m) G { X^W2j \ j > 0}^° + T{G), 

while for any a G fc, 

Wjn{xi,X2, . . . , aXi, X2m) = tt^^m (xi , X2, ■ . ■ ^Xi, . . . T X2'm) • 

Proof. By Lemma 1.1 (vi) of [1 , wi{xi,X2) = —Wi{x2,xi) (modT*^'^)), and 
for any m > 1, Wm G CP{G), so without loss of generality, it suffices to 
prove the result for i ~ 2m. If to = 1, then we have by Lemma 12.51 that 
■u;i(a;i, a;2a;3) = x^wi{xi,xi,) + x^wi{xi,X2) (modT'^^') and so the result holds 
in this case. Suppose now that m > 1. Since Wrn{xi, X2, . ■ . , X2mX2m+i) = 

Wrn~lWi{x2m^l,X2mX2m+l), and W„i-lWi{x2m-l, X2rnX2rn+l) IS COngTUCnt tO 
Wrn-lX2m'^l{x2ni^l, X2rn+l) + Wm-lX^rn+l'^li^^m-l, X2m) (modT^^^), 

the first assertion follows. The second assertion is obvious. □ 

Recall that W was introduced in Definition 12.41 

Lemma 3.5. The vector space CP(G)/{S'^ + {xlwm | to > j-^" + T{G)) has 
linear basis {u + S"^ + { xgw™ | to > j'^" + T{G) \ ue {l]yjW]. 

Proof. By Lemma [3.21 GP{G) is equal to 

k + W^ + + { xlw^ I TO > 1^" + T(G). 

Let [/ = 5^ + { xlwm I m > j-^o + T{G) C ko{X). The spanning argument in 
the proof of Lemma [^771 is applicable here, with the respective roles of Corollary 
12.21 and CoroUarv 12 . 31 being played by Lemma [3. II and Lemma [3^ 

Now for linear independence, suppose that m G ?7 is a linear combination 
of elements of { 1 } U W . Since U C ko{X), u must be a linear combination 
of elements of W. Then, just as in the proof of Lemma 12.71 we order the 
set / = lJm=i lexically, and find the smallest f ^ I such that for some 
nonzero f3 € k, (3wm{x f{i^, . . . ,Xf(^i^^-yi, is a summand of u. Let 6 denote the 
endomorphism of fci(X) that is determined by mapping a;/(i) to Xi for each 
i — 1,2,..., 2m, and mapping all other elements of X to 0. Since [/ is a T- 
space, fiwra = 0{[iu) e U. But by Lemma 1331 Wm ^ C/, so /3 = 0. Since /3 7^ 0, 
we have a contradiction and thus the linear independence is established. □ 

We are thus able to obtain the unitary analogues of the main results of 
Section H Let = { 1 }, and for every m > 1, let = U Finally, 
let W'^l]%,W^. 

Corollary 3.1. For each m > 0, {W'^f C {W!„,^^)^ . 
Corollary 3.2. {W')^ is not finitely based. 

Proof By Corollary O for each to > 1, [W^Y £ (W^m+i)^- Since {W'Y = 
Um=o(^]™)'^' ^^'^ result follows from Lemma \2M □ 
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Theorem 3.1. For any prime p > 2, and any field of characteristic p, the 
T-space C'P{G) is not finitely based. 

Proof. By Lemma \3l2\ CP{G) is equal to 

{W'f + S^ + { x^Wm \m>0}^"+ T{G). 

For each m, let C/„ = (VF^)'^ + 5"^ + {x^Wm | m > + T{G). Then 
CP{G) — Um=i ^"i' each m > 1, Um ^ Um+i, where the inequality 

follows from Lemma 13.51 It follows now from Lemma 12.61 that CP{G) is not 
finitely based. □ 

The following result is basically Theorem 4 of [9] , extended in the sense that 
it holds for all fields of characteristic p > 2, not just infinite fields. 

Corollary 3.3 (Theorem 4, [9]). The T-space {W' f + T{G) is not finitely 
based. 

Proof If {W'f + T{G) is finitely based, say with finite basis B, then BUxPPU 
{ [xi,X2] } is a finite basis for iW'f+T{G) + {xPwm \ m>0}'^«+S^ = CP{G), 
which contradicts Theorem 13. II □ 

In [9], Shchigolev introduces polynomials (ysln — YVj=i^^i-i^2iX2i-iX^i 
m > 1, and he proves (essentially) the following result: 

Corollary 3.4 (Theorem 5, The T-space of ki{X) that is generated by the 
set { if'^ I m > 1 } is not finitely based. 

Proof. Observe that for each m > 1, = Wm (modT(G')). Since T{G) can be 
generated, as a T-space, by either two elements or four elements, depending on 
whether k is infinite or finite, it follows that if { ip[^ | to > 1 j'^ is finitely based, 
then so is I m > l}^-|-r(G) = + T{G), and thus {W'f+T{G) would 
be finitely based, in contradiction to Corollarv l3.3l □ 
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